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Abstract
Using some general arguments, including the Duhamel product and its some modification, we describe
all invariant subspaces of the Volterra integration operator V :f → ∫ x0 f (t) dt and prove its unicellularity
in more general Banach spaces of smooth functions on the unit segment [0,1].
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1. Introduction and notations
The study of the lattice of invariant subspaces of the Volterra integration operator V , Vf (x) =∫ x
0 f (t) dt , has a long history and extensive literature (see, for example, Nikolski [13] and its
references). The description of the invariant subspaces for the operator V :L2(0,1) → L2(0,1)
is essentially the problem posed yet in 1938 by I.M. Gelfand [5] and first solved by Agmon [1]
who showed that all V -invariant subspaces of L2(0,1) (i.e., the closed subspaces E ⊂ L2(0,1)
for which VE ⊆ E) have the form
Et = (t,1)L2(0,1), 0 < t < 1,
and thus form a linearly ordered lattice. The result has been extended to a larger class of integral
operators by Kalish [7]. Subsequently, Sarason [16] found a different approach to the problem
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one of its invariant subspaces. The lattice of all V -invariant subspaces of the Hardy space H 2(D)
over the unit disc of the complex plain C was described by Donoghue [4]. Recently, a complete
description is obtained for the subspaces of the Hardy spaces Hp(D), p  1, that are invariant
under the Volterra integral operator Va , Vaf (z) =
∫ z
a
f (t) dt , by Aleman and Korenblum [2].
To the description of all invariant subspaces of the Volterra integration operator V , acting in
concrete Banach spaces of functions on the unit segment [0,1], including the spaces Lp[0,1]
(1  p < ∞), C[0,1], W(n)p [0,1] and C(n)[0,1], are devoted many papers (see, for exam-
ple, [3,14,15,17,18]; more information are contained in [13]).
In this article, by using some general arguments, including the Duhamel product and its some
modifications, we describe all non-trivial V -invariant subspaces and prove the unicellularity of V
in more general Banach spaces of smooth functions on the unit segment [0,1].
Note that the method of Duhamel product is widely applied by Karaev in various questions
concerning to the Volterra integral operator V (see [8–12]).
The main tool for the proof of our result based on the Karaev’s arguments from his paper [8].
Before giving our result, let us introduce some necessary notations (see also Karaev [8]).
Let X ⊂ C[0,1] be a Banach space containing polynomials. We set the following:
ν(X) := max{k  0: ∃f (k) ∈ C[0,1] for each f ∈ X},
Xλ :=
{
f ∈ X: suppf ⊂ [λ,1], 0 < λ < 1},
X(n) := {f ∈ X: f (0) = f ′(0) = · · · = f (n−1)(0) = 0}, n = 1,2, . . . , ν, ν + 1,
where ν := ν(X). It is clear that VXμ ⊂ Xμ, VX(n) ⊂ X(n) for all μ ∈ (0,1) and n = 1,2,
. . . , ν + 1, and
Xμ ⊂ Xλ ⊂ X(ν+1) ⊂ X(ν) ⊂ · · · ⊂ X(1), μ > λ. (1.1)
Let Cyc(V ) denote the set of all cyclic vectors of the operator V , i.e.,
Cyc(V ) := {f ∈ X: span(V nf : n 0)= X}.
Recall that the usual Duhamel product for two suitable functions f and g is defined by
(f  g)(x) := d
dx
x∫
0
f (x − t)g(t) dt. (1.2)
The following modification of the Duhamel product (1.2) is defined by Karaev [8] in the sub-
space X(n):
(f
n
 g)(x) := d
dx
x∫
0
f (x − t)
(x − t)n g(t) dt
(
f,g ∈ X(n)), (1.3)
n = 1,2, . . . , ν, ν + 1. Clearly, for n = 0 our product 0 coincides with the usual Duhamel prod-
uct  in X.
By using product (1.3), Karaev described [8, Proposition 5] all V -invariant subspaces of
the Wiener algebra W [0,1] of all absolutely convergent power series ∑∞n=0 anxn on the unit
segment [0,1]. Here we will use the product n for more general Banach spaces of functions
on [0,1].
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The main result of this paper is the following.
Theorem 1. Let X ↪→ C(ν)[0,1] (continuous embedding) be a Banach space of functions on
the unit segment [0,1], where ν = ν(X), such that the polynomials are contained in X and are
dense in X. Suppose that the integration operator V is compact in X, and the subspaces X(n),
n = 1,2, . . . , ν, ν + 1, are Banach algebras with respect to the products n defined by (1.3),
respectively. Then
Lat(V ) = {Xλ,X(n): 0 < λ < 1; n = 1,2, . . . , ν, ν + 1},
i.e., V is unicellular in the space X.
First, let us prove the following key lemma.
Lemma 1. Let f ∈ X. Then the following assertations are hold:
(i1) f ∈ Cyc(V ) if and only if f (0) 	= 0;
(i2) f ∈ Cyc(V | X(n)) if and only if f ∈ X(n)\X(n+1), n = 1,2, . . . , ν;
(i3) f ∈ Cyc(V | X(ν+1)) if and only if f ∈ X(ν+1)\Xμ for every μ ∈ (0,1);
(i4) f ∈ Cyc(V | Xλ) if and only if f ∈ Xλ\Xμ for all μ > λ.
Proof. The proof of (i1) is well known (see Karaev [8, Lemma 2]). Let us prove (i2). Indeed, let
f ∈ X(n) and f /∈ X(n+1). It is clear from (1.3) that
V kg = x
n+k
k!
n
 g, g ∈ X(n), (2.1)
for each k  0 and n = 1,2, . . . , ν, ν + 1. Expanding the function f ∈ X(n) into the Taylor series
we have that
f (x) = f
(n)(0)
n! x
n + f
(n+1)(0)
(n + 1)! x
n+1 + · · · + f
(ν)(0)
ν! x
ν + r(x),
which shows that
f (x) = f
(n)(0)
n! x
n + r˜(x), (2.2)
where f (n)(0) 	= 0 and
r˜(x) = f
(n+1)(0)
(n + 1)! x
n+1 + · · · + f
(ν)(0)
ν! x
ν + r(x) ∈ X(n).
Let us consider “the Duhamel operator” Df,n acting in the subspace X(n): Df,ng := f
n
 g,
g ∈ X(n). It is easy to see from (2.1) and (2.2) that
Df,n := f (n)(0) IX(n) +D r˜ ,n.
By the same arguments as in [8, Lemma 2(a)], it can be shown that Df,n is invertible in X(n)
(which is omitted). On the other hand, since X ↪→ C(ν)[0,1], we obtain that
span
{
xn+k: k  0
}= X(n).
Then, according to the equality (2.1), we obtain
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{
V kf : k  0
}= span{xn+k
k!
n
 f : k  0
}
= span
{
Df,n x
n+k
k! : k  0
}
= closDf,n span
{
xn+k: k  0
}
= closDf,nX(n) = X(n),
that is, if f ∈ X(n)\X(n+1), then f ∈ Cyc(V | X(n)).
Conversely, the equality Ef = X(n) implies that f (n)(0) 	= 0, which means that f /∈ X(n+1).
Thus, if f ∈ X(n) and f ∈ Cyc(V | X(n)), then f /∈ X(n+1). This proves (i2).
The proof of (i3) is very similar to the proofs of (i1) and (i2). In fact, the Taylor formula of
the function f ∈ X(ν+1) has the following integral representation:
f (x) = 1
(ν − 1)!
x∫
0
f (ν)(t)(x − t)ν−1 dt
= x
ν
ν! +
(
1
(ν − 1)!
x∫
0
f (ν)(t)(x − t)ν−1 dt − x
ν
ν!
)
= x
ν
ν! + r1(x).
Note that r1(x) ∈ X(n) and f
ν
G ∈ X(ν+1) for every G ∈ X(ν). Since f /∈ Xμ for all 0 < μ < 1,
it follows from the Titchmarsh Convolution Theorem that kerDf,n = {0}, where kerDf,n denotes
the kernel subspace of the operator Df,n. On the other hand, the condition r1 ∈ X(ν) implies that
Dr1,ν is a compact operator in the subspace X(ν+1) (see [8, Lemma 2]). Since
Df,ν =D xν
ν! +r1(x),ν =D xνν! ,ν +Dr1(x),ν =
1
ν!IX(ν+1) +Dr1(x)
and Df,ν is invertible in X(ν+1), we obtain that Df,νX(ν+1) = X(ν+1). Then we have
Ef = span
{
V kf : k  0
}= span{xn+k
k!
ν
 f : k  0
}
= span
{
Df,ν x
ν+k
k! : k  0
}
⊃ span
{
Df,ν x
ν+1+k
(k + 1)! : k  0
}
= closDf,ν span
{
xν+1+k
(k + 1)! : k  0
}
= closDf,νX(ν+1) = X(ν+1).
Thus, Ef ⊃ X(ν+1) and since VX(ν+1) ⊂ X(ν+1), we have that Ef ⊂ X(ν+1). Hence,
Ef = X(ν+1), that is f ∈ Cyc(V | X(ν+1)). Conversely, if f ∈ Cyc(V | X(ν+1)), then f ∈
X(ν+1)\Xμ for all μ ∈ (0,1), which proves (i3).
The assertation (i4) is obtained from (i1) by using standard arguments based on the simple
exchange of variables (see, for example, Ostapenko and Tarasov [14], Gohberg and Krein [6] and
Kalish [7]) and therefore we omit it. The proof of Lemma 1 is completed. 
Proof of Theorem 1. We will show that other V -invariant subspaces different from the
chain (1.1) do not exist, and hence
Lat(V ) = {Xλ,X(n): 0 < λ < 1; n = 1,2, . . . , ν, ν + 1}.
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is different from invariant subspaces in (1.1). By considering the obvious formula E =⋃g∈E Eg
and Lemma 1, it is clear then that there exists a function f ∈ E such that f (0) 	= 0. Therefore
according to Lemma 1, we conclude that E = X, which is impossible. Since by virtue of (1.1)
Lat(V ) is linearly ordered set, this proves unicellularity of V . The theorem is proved. 
Acknowledgement
The author thanks the referee for his useful remarks.
References
[1] S. Agmon, Sur une probleme de translations, C. R. Acad. Sci. Paris 229 (11) (1949) 540–542.
[2] A. Aleman, B. Korenblum, Volterra invariant subspaces of HP , Bull. Sci. Math. 132 (2008) 510–542.
[3] M.S. Brodski, On a problem of I.M. Gelfand, Uspekhi Mat. Nauk 12 (1957) 129–132 (in Russian).
[4] W.F. Donoghue, The lattice of invariant subspaces of a completely continuous quasinilpotent transformations, Pa-
cific J. Math. 7 (1957) 1031–1035.
[5] I.M. Gelfand, A problem, Uspekhi Mat. Nauk 5 (1938) 233.
[6] I.C. Gohberg, M.G. Krein, Theory and Applications of Volterra Operators in Hilbert Space, Transl. Math. Monogr.,
vol. 24, Amer. Math. Soc., Providence, RI, 1970.
[7] G.K. Kalish, On similarity, reducing manifolds, and unitary equivalence of certain Volterra operators, Ann. of
Math. 66 (1957) 481–494.
[8] M.T. Karaev, Invariant subspaces, cyclic vectors, commutant and extended eigenvectors of some convolution oper-
ators, Methods Funct. Anal. Topology 11 (2005) 48–59.
[9] M.T. Karaev, Some applications of the Duhamel product, Zap. Nauchn. Sem. POMI 303 (2003) 145–160 (in Rus-
sian).
[10] M.T. Karaev, On some applications of the ordinary and extended Duhamel products, Sib. Math. J. 46 (2005) 431–
442.
[11] M.T. Karaev, Closed ideals in C∞ with the Duhamel product as multiplication, J. Math. Anal. Appl. 300 (2004)
297–302.
[12] M.T. Karaev, On extended eigenvalues and extended eigenvectors of some operator classes, Proc. Amer. Math.
Soc. 134 (2006) 2383–2392.
[13] N.K. Nikolski, Invariant subspaces in operator theory and function theory, Itogi Nauki i Tekhniki, Ser. Math.
Anal. 12 (1974) 199–412 (in Russian).
[14] P.V. Ostapenko, V.G. Tarasov, Unicellularity of the integration operator in certain function spaces, Teor. Funkc.
Anal. i Prilozhen. 27 (1977) 121–128 (in Russian).
[15] L.A. Sakhnovich, Spectral analysis of Volterra operators and inverse problems, Dokl. Akad. Nauk SSSR 115 (1957)
666–669 (in Russian).
[16] D. Sarason, A remark on the Volterra operator, J. Math. Anal. Appl. 12 (1965) 244–246.
[17] R. Tapdigoglu, On the description of invariant subspaces in the space C(n)[0,1], Houston J. Math., in press.
[18] E.R. Tsekanovski, On description of invariant subspaces and unicellularity of the integration operator in the
space W(p)2 , Uspekhi Mat. Nauk 6 (1965) 169–172 (in Russian).
